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The Geometry of Polyhedral Distortions. Predictive Relationships for the Phosphate Group
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The shapes of 211 phosphate tetrahedra have been studied. Their dimensions are known precisely from
published X-ray and neutron-diffraction investigations. Results: (1) The site symmetry of the P atoms is
found in 85 % of the cases to be 1. Other observed symmetries are m, 2, 3, 4, mm, 42m, 222 and 23. (2)
The deviations from regular symmetry, 43m, are pronounced. The distortions can be measured by de-
fining for every phosphate group three distortion indices: DI(TO)=(Z|TO; — TO.|)/4TO,,, DI{OTO)=
(ZI0TO, - OTO,|)/60TO,, and DI(O0)=(3|00;— 00,|)/600,,, where TO is the distance P-O, OTO
the angle O-P-0, OO the distance O-O, the subscripts m refer to the mean and 7 to individual values. The
average distortion indices for all groups are: DI(TO)=0-021, DI(OTQ)=0-028, DI(O0)=0-012. This
means that distortions are more pronounced in the P-O distances than in O-O and thus the phosphate
group can be viewed, to a first approximation, as a rigid regular arrangement of O atoms, with the P
atoms displaced from their centroid. (3) Mean P-O distances of the phosphate groups vary from 1-506
to 1:572 A. (4) Individua! P-O distances are correlated with the bond strengths received by the individual
oxygen atoms. (5) The individual O-P-O angles are strongly correlated with the average of the P-O
distances on the sides of the angle, and with the opposite O-O distance. The various correlations are
strong enough to formulate six equations which are useful for predictive purposes: the mean P-O dis-
tances can be calculated from the coordination numbers and the distortion indices; the individual P-O
distances follow from the bond strength distribution; the bond angles are based on the normalized bond
lengths; the mean O-O distances are a function of the mean P-O distances and the distortion indices;
the lengths of shared tetrahedral edges depend on the number of shared edges per tetrahedron. Some of
the correlations are affected by the presence of shared edges in the phosphate groups and differ for various
subpopulations of the sample (ortho-, di-, ring-, poly-, acid or organic phosphates). The calculated
shapes can be used as input to computer simulation of crystal structures,

Introduction

The arrangement of four oxygen atoms around a
central pentavalent phosphorus atom is called the tet-
rahedral phosphate group because the oxygen ligands
are distributed over the four corners of a tetrahedron.
A regular tetrahedron possesses point group symmetry
43m or 23. However, to my knowledge no phosphate
tetrahedron observed so far in a crystalline solid is
located at a site with 43m symmetry. The site sym-
metries of the phosphate group in Ag;PO, (Helmholz,
1936) and of one of the PO3~ groups in NagF(OH,),s
(NaH,0) (PO,), (Tillmanns & Baur, in preparation)
are 23. However, these data are not used here because
in the first case the structure is not determined pre-
cisely, while in the second case the phosphate group
is disordered and therefore its actual dimensions are
not precisely known. The site symmetry of 85% of the

phosphate groups studied in this paper is 1 (Table 1).
Most phosphate tetrahedra deviate significantly in their
dimensions from the values expected for a regular tet-
rahedral arrangement. The geometry of these devia-
tions and the extent and the limits of the distortions
are the topics of this study. ‘Tetrahedron’ is used to

Table 1. Site symmetries of a sample of 211 phosphate
groups observed in crystalline solids (see Appendix)

Number of
Symmetry groups % of total
1 179 84-8
m 16 76
2 7 33
3 4 1-9
4 2 0-9
mm 1 0-5
222 1 0-5
42m 1 0-5
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describe any distorted tetrahedral shape. If an ideal
tetrahedron of point group symmetry 43m is meant it
will be identified as such.

Corbridge’s (1971) recent review of the structural
chemistry of phosphates was extended to all classes of
compounds which contain a P-O bond. The present
study deals only with the tetrahedral PO, group. One
half of the references to structural data used here are
so recent that they were not included in Corbridge’s
review.

Data

The dimensions of 211 phosphate tetrahedra as found
in 129 crystal structures determined by X-ray or neu-
tron diffraction were collected. Data were included
only if the mean estimated standard deviation of the
four P-O bond lengths in the PO, group was equal
to or smaller than 0-015 A. All bond lengths, bond
angles and estimated standard deviations have been
recalculated from the data in the original papers. In
those cases where the values given in Table 15 deviate
from those stated in the original papers the discrep-
ancies are most likely due to misprints in the source.
The bond lengths were not corrected for thermal mo-
tion effects because such corrections can only be
meaningfully applied when the joint distribution which
describes the motion of the atoms is known or can be
reasonably assumed (Busing & Levy, 1964).

Every phosphate group is listed with all of its dimen-
sions in Table 15 in the Appendix. In addition the sums
of the bond strengths, p(O), received by the individual
oxygen atoms and their coordination numbers are
given. The bond strengths were calculated according
to Pauling’s (1960) second rule for complex ionic com-
pounds. Further details of such calculations and espe-
cially the way in which hydrogen bonds and Cu?*
ions are accounted for can be found in Baur (1970,
1971). The coordination numbers of the oxygen atoms
are given in two parts: under H only those hydrogen
atoms are counted which belong to hydrogen bonds
donated to the oxygen atom in question (this means
that it is a hydrogen-bond acceptor); under C all other
coordinated atoms including covalently bonded hydro-
gen atoms are counted. The complete coordination
number of the oxygen atom is the sum of the values
given under C and H.

The phosphate tetrahedra are subdivided in Table
15 into two main populations: (1) orthophosphates,
PO,, where every oxygen atom is bonded to only one
phosphorus atom, and (2) condensed phosphates where
at least one oxygen atom per phosphate group is shared
between different phosphate tetrahedra. The ortho-
phosphates are further subdivided into i(a) orthophos-
phates proper; i(b) acid orthophosphates, where one
or more oxygen atoms are covalently bonded to hydro-
gen atoms; and i(c) organic phosphates, where one or
more oxygen atoms are bonded to carbon atoms. The
condensed phosphates are subdivided into ii(a) diphos-
phates, P,O,, where one oxygen atom is shared be-
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tween two phosphorus atoms; ii(b) ring phos-
phates, (PO;),, where the phosphate tetrahedra form
rings and »n assumes values from 3 to 6; and ii(¢) all
other condensed phosphates, which are mainly chain
phosphates. Additional information about the data is
contained in the Appendix.

Distortion indices

Deviations from 43m symmetry of the phosphate tet-
rahedra can affect the P-O distances, d(P-0O), the
O-P-O angles, /(O-P-0), or the O-O distances,
d(0-0). A measure of the degree of distortion can be
obtained by calculating for every tetrahedron the three
distortion indices (DI):

DI(TO)=( AZ ITO; —TO,,)/4TO,, (1)
i=1
DI(OTO)=( i |OTO, —0TO,|)/60TO,,  (2)
i=1

i=1

where TO, stands for the individual distances from the
tetrahedral cation to the oxygen atom, OTO; for the
individual angles O-T-O, OO; for the individual
lengths of the tetrahedral edges and m signifies the
mean value for the polyhedron. The distortion indices
express the average deviation of d(T-0), /(O-T-0)
and d(O-O) from their means. Analogous expressions
can be formulated for other types of polyhedra as
well. In the case of polyhedra, such as the tetrahedron,
the octahedron or the cube, for which ideal shapes are
defined by symmetry it will not matter whether the
distortion index DI(OTO) is defined by comparison
with the mean values or with the ideal values for the
polyhedron. If the shape of a polyhedron is not de-
fined by its symmetry (trigonal prism and many others)
it would be appropriate to define first an ideal shape
and then express DI(OTO) as a deviation from this
predefined shape. For a useful discussion and a listing
of various coordination polyhedra, including possible
deflinitions of their ideal shapes, see King (1970) and
his earlier papers on this subject.

Shapes of phosphate tetrahedra

A regular tetrahedron would have zero values for all
three distortion indices (case 1, Table 2). Among the
groups in Table 15 one comes close to this: one of
the phosphate groups in Na,F(OH,),s(NaH,0)}FO,),
(No. 111, Table 15) which has 4 symmetry. It
is not possible for a tetrahedral group to have two
distortion indices equal to zero and one different from
zero. Whenever one of them deviates from zero at least
one of the other two distortion indices must also be
different from zero. Therefore five cases can be dis-
tinguished (Table 2). Strictly speaking most phosphate
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tetrahedra belong to case V. However, it is instructive
to inspect the three cases II, III and IV, because they
demonstrate extreme possibilities. Case II illustrates a
tetrahedral group in which the oxygen atoms are
equidistant from each other and outline a regular te-
trahedron, and the central cation is moved away from
the centroid of the tetrahedron [Fig. 1(a)]. Case III
occurs when the tetrahedral angles are exactly preserved
at 109-471°, while the T-O and O-O distances vary
[Fig. 1(6)]. Case IV means that the four T-O distances
are all of equal length, but the ideal tetrahedral angles
are not preserved [Fig. 1(c)].

Table 2. Possible combinations of distortion indices
which define different distortion cases

Case I 11 111 1v \Y%
DKTO) =0 #0 #0 =0 #0
DI(OTO) =0 #0 =0 #0 #0
DI(00) =0 =0 #0 #0 #0

Very few of the individual phosphate tetrahedra are
close to the pure cases I to IV. However, different phos-
phate group populations (Table 4) show tendencies to-
wards some of the pure cases. The average distortion

ﬁ/_ﬂ?'}ﬂ
N\

Fig.1. Three pure cases of distortion of a tetrahedral
shape. (@) Case Il of Table 2; d(O-O) remains constant,
d(T-0) varied by moving T out of centroid; therefore
/. (0O-T-0O) must deviate from ideal tetrahedral angle. In
this example symmetry 3m is preserved. (b) Case III:
/ (O-T-0) constant at ideal value, d(T-O) and 4(0O-0O)
must vary. Symmetry of this example mm. (c¢) Case 1V:
d(T-0) remains constant, while /(O-T-0) varies; there-
fore d(O-0) muslt vary too. Symmetry of this example 42m.
It has to be emphasized that the symmetries as shown are
examples. The same types of distortions could also occur
with other symmetries. Only 43 and 23 are impossible for
any of the distortions.
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index DI(OO) for all phosphate groups is about half
as large as DI(TO) or DI(OTO). This becomes even
more pronounced when we consider only those 145
tetrahedra that do not share polyhedral edges with
other coordination polyhedra in the structures. For
those phosphate tetrahedra that share edges with other
polyhedra DI(TO) and DI(OTO) are not very different
from the overall values, while DI(OO) is slightly higher
because shared edges tend to be shorter than unshared
edges (Pauling, 1960). Consequently the distortion in
terms of d(0-0) is increased. On balance the average
DI-values for all 211 tetrahedra indicate that the aver-
age phosphate group corresponds approximately to
case II of Table 2. Among the different sub-popula-
tions only the orthophosphates proper do not follow
this trend [i(e) in Table 4]. Orthophosphates without
shared edges have small values for all three distortion
indices and conform best to case I, while the ortho-
phosphates with shared edges constitute the only ex-
ample that comes close to case IV. None of the sub-
populations corresponds to case III. Obviously the
most variable parts of a phosphate tetrahedron are its
angles and the least variable ones are its edges. This is
also apparent from an inspection of the extreme values
of the dimensions of the phosphate tetrahedra (Table 3).

Mean tetrahedral P-O distances

The mean distances, d(P-0),, in the 211 phosphate
tetrahedra range in length from 1-506 to 1-572 A,
with a mean value of 1-537 A. Because only precisely
determined structures have been included the spread
over 4% of the value is too large to be explained by
experimental error alone. The question of the con-
stancy of the mean d(T-O) in tetrahedral oxyanions
has been much debated. An excellent summary of the
previous views on this subject has been presented by
Shannon & Calvo (1973), who also investigated the
factors contributing to the variation in the mean inter-
atomic distances in tetrahedral PO3~, AsO3~ and
VO3~ groups. They considered mainly the coordina-
tion numbers of the oxygen atoms (see Shannon &
Prewitt, 1969) and the electronegativities of cations
other than the tetrahedral cation bonded to oxygen.
However, they ignored the effects of the degree of dis-
tortion of the tetrahedra, a significant effect in a num-
ber of coordination octahedra (Brown & Shannon,
1973).

Regressions were calculated (for information on the
computer program see Appendix) of d(P-0O),, on the
mean coordination number, CN,,, of the oxygen atoms.
Extremely low correlation coefficients were obtained
whether or not the hydrogen bonds accepted by the
hydrogen atoms were included in CN,, (Table 5, lines
1 and 2). Different results, however, are obtained after
the sample has been subdivided into two populations,
one containing the orthophosphates proper, the acid
orthophosphates and the diphosphates (lines 3 and 4,
Table 5); the other consisting of the organic phos-
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Table 3. Extreme individual and extreme average values of d(P-0), /(0-P-0), d(0-0), p(O) and maximal
values of the distortion indices ocurring in the 211 phosphate groups

The numbers in square brackets are references to phosphate groups (in Table 15) which display these extreme values.

Individual values Average values for tetrahedron
Min Max Min Max Dlnax
d(P-0) 1-412 A [721] 1:662 A [555] 1:506 A [271] 1-572 A [555] 0054 [555]
/£ (0-P-0) 96-6° [961] 123:4° [1121] 109-0° [555] 109-6° [1291) 0-069 [961]
d(0-0) 2:317 A [961] 2:620 A [121] 2:458 A [271] 2:552 A [555] 0-029 [1291}
2(0) 1:25 v.u. [1031] 2786 v.u. [72] 1-750 v.u. [361] 2:250 v.u. [1151] 0-265 [1121]

Table 4. Phosphate groups

Mean values of d(P-0), /(O-P-0), d(0-0) and the coordination number. Mean distortion indices DI(TO), DI(OTO), DI(O0)
and DI(pO) (for definitions see text). The number of phosphate groups used in the averaging is N. Every population is subdivided
into those coordination tetrahedra which do not share edges with other polyhedra in the crystal structures (nsh) and in those which
share polyhedral edges (sh).

N d(P-0) DI(TO) /(O-P-O) DI(OTO) d(0O-0) DI(OO) CN,, DI(pO)

i (@), ortho, all 64 1-536 A 0-006 109-45° 0:015 2:507A 0009 331 0-035
ortho, nsh 35 1-533 0-005 109-47 0-009 2:504 0-006 315 0-034
ortho, sh 29 1-539 0-006 109-44 0-022 2:512 0-014 349 0-035

i (b), acid, all 31 1:536 0-018 109-41 0-026 2-506 0-012 3-04 0114
acid, nsh 23 1-536 0-017 10941 0-025 2-:506 0-011 291 0-112
acid, sh 8 1-537 0-018 109-41 0-027 2:507 0014 3-41 0-119

i (¢), carbon, all 30 1-538 0:030 109-31 0-038 2:506 0-016 2:53 0-167
carbon, nsh 28 1-539 0-030 109-30 0-038 2-507 0-015 2:46 0171
carbon, sh 2 1-525 0-025 109-36 0-038 2:486 0-019 3-50 0-102

i(a),i(b), 1 (c), all 125 1-536 0-015 10941 0-023 2-507 0-011 3-05 0-086

nsh 86 1-536 0-017 109-40 0-023 2-505 0-010 2:86 0-100
sh 39 1-538 0-010 109-43 0-024 2-509 0-014 3-47 0-055

ii (a), di, all 42 1:534 0-020 109-37 0-028 2:501 0-012 271 0-121
di, nsh 30 1-531 0-019 109-37 0-028 2:497 0-011 2:43 0-118
di, sh 12 1-541 0-024 109-38 0-028 2:513 0-013 3:42 0-131

ii (b), ring, all 26 1-544 0-041 10919 0-041 2:512 0-014 293 0-208
ring, nsh 17 1-544 0-041 109-18 0-040 2-512 0-014 2:79 0-205
ring, sh 9 1-545 0-042 109-20 0-041 2:514 0015 319 0213

ii (¢), poly, all 18 1-542 0:037 109-20 0-040 2-510 0-015 2:78 0-190
poly, nsh 12 1-542 0-035 109-19 0-040 2-509 0-014 2:67 0188
poly, sh 6 1-543 0-039 109-21 0-042 2:511 0-015 3-00 0-194

ii (@), ii (b)), ii (), all 86 1-539 0-030 109-28 0-034 2-506 0-013 2:79 0-162

nsh 59 1:537 0-029 109-28 0:034 2:503 0-013 2:59 0-157

sh 27 1:543 0-033 109-28 0-035 2-513 0-014 325 0-172

all, all 211 1:537 0-021 109-35 0-028 2:506 0-012 2:95 0-117
nsh 145 1:536 0022 109-35 0-027 2-505 0-011 2:75 0123

sh 66 1-540 0019 109-37 0-029 2:511 0-014 3-38 0-103

Table 5. Results of weighted regression analysis involving the dependence of d(P-0),, on CN,, and distortion indices

Not corrected for =n.c.; corrected for=c.; accepted hydrogen bonds included in CN,,=w.H.; accepted hydrogen bonds excluded
from CN,=wo.H.; intercept of regression equation=a: slope of regression equation=4; correlation coefficient=r; percent
variation explained = % ; sample size=N. The different subpopulations i (@) erc., ii (a) efc., are as defined in the text (see data).
In parentheses following the values are the e.s.d.’s in units of the least significant digits.

Independent

Dependent variable variable a b I3 % N

1. d(P-0),, CN,,, wo.H. 1-534 (2) 0-:0015 (6) 016 3 211

2. d(P-0),, CN,,, w.H. 1-532 (2) 0-0019 (8) 0-16 3 211

3. d(P-O)n, i (@), 1 (), ii (a) CN,,, wo.H. 1-529 (2) 0-0025 (7) 0-31 10 137

4. d(P-O), i (@), 1 (b), ii (1) CN,,, w.H. 1-:521 (3) 0-0047 (9) 0-42 18 137

5. d(P-0),, i (0), ii (), ii (¢) CN,,, wo.H. 1:538 (3) 0-0013 (15) 0-10 1 74

6. d(P-O)., i (¢), ii (b), ii (c) CN,,, w.H. 1-543 (5) —0-0010 (19) —-0:06 0 74

7. d(P-0),, n.c.CN,, DI(TO) 1:534 (1) 019 (4 0-34 12 211

8. d(P-0O),,, ¢.CN,, DI(TO) 1:493 (1) 0-41 (4) 0-57 32 211

9. d(P-0)p, n.c.CN,, DI(TOSQ) 1-535 (1) 0-63 (12) 0-34 12 211

10. d(P-0),,, c.CN,, DI(TOSQ) 1-496 (1) 1:46 (13) 0-60 36 211
11. d(P-O)m, c¢.DI(TOSQ) CN,,, wo.H. 1-525 (2) 0-0031 (6) 0-33 11 211
12. d(P-O),,, c.DI(TOSQ) CN,, w.H. 1-514 (2) 0-0059 (7) 0-49 24 211
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phates, the ring- and the polyphosphates (lines 5 and
6). A correlation with a coefficient of 0-42, while it
certainly does not account for all the variation in
d(P-0),,, is nevertheless significant for a sample size
of 137. The two populations differ mainly in that the
first has a mean distortion index DI(TO)=0-013, while
the second has a mean DI(TO)=0-035, almost three
times as large. Consequently, the dependence of
d(P-0),, on DI(TO) was tested in two ways: first by
using the raw d(P-0),, data (line 7) and secondly, after
reduction of the d(P-0),, values to an assumed coor-
dination number of zero, by subtracting from each
d(P-0),, value CN,, multiplied by 0-012 A. The value
of the slope was not taken from line 4 (0-0047 A) but
was taken instead from Fig. 5 of Shannon & Prewitt
(1969) because the latter value is based on a larger
number of more diverse data, and is therefore more
reliable. In addition the regression equation was cal-
culated for d(P-0),, on DI(TOSQ), the distortion in-
dex as defined by Brown & Shannon (1973):

DI(TOSQ)={ 24: (TO;—TO,,)*)/4TO?, . “4)

The correlation coefficient improved slightly (compare
line 10, Table S, with line 8). Then the procedure was
reversed and the correlation was tested between CN,,
and d(P-0),, after it was corrected for its dependence
on DI(TOSQ) (Figs. 2 and 3). The correlation coef-
cients improved greatly (lines 11 and 12 as compared
with lines 1 and 2).

From this discussion it emerges that:

(1) In the case of the phosphate groups the hydrogen
bonds donated to an oxygen atom have to be counted
as coordinating contacts when the coordination num-
ber is determined (Fig. 2). Whether or not this is also
true for oxygen atoms in other bonding situations re-

1.58
1.56 o —

1.54

eodleoes o
eo sdohooss o

4(P-0)m[8]
corr,

coRgsesss o o

152

00 o sessehecens o

°
.

1.0 20 3.0 4.0 5.0
———> CNm

Fig.2. Scatter diagram of mean P-O distances, corrected for
dependence on DI(TOSQ), versus mean coordination
number, Full circles represent multiple points, open circles
single points, see Table 5, line 12, The regression line is
drawn solid, the line with a slope of 0-012 (Shannon &
Prewitt, 1969) is dashed,
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mains to be seen. If it is generally true, it would be pre-
ferable to evaluate the mean coordination numbers of
theoxygenatomsofeverysinglecoordinationpolyhedron
individually and to count the donated hydrogen bonds
as coordinating contacts as has been done here, in-
stead of using the general formula employed by Shan-
non & Prewitt (1969) which yields a single average
anion coordination number for a// the oxygen atoms
in all cation coordination polyhedra within a crystal
structure.

(2) Both the mean coordination number of the oxy-
gen atoms and the distortion index of the phosphate
group contribute significantly to the variation in mean
distance P-O in this sample of 211 phosphate tetra-
hedra (Fig. 2 and 3). This statement does not contra-
dict Shannon & Calvo’s (1973) opinion that the distor-
tions of the tetrahedral groups can be ignored. For
their sample of phosphate groups (61 crystal struc-
tures) this was true because it contained only 4 struc-
tures of ring- and polyphosphate groups and no or-
ganic phosphates.

(3) The mean coordination number and the distor-
tion index still cannot account for all the variation in
mean P-O distances. Otherwise, the correlation co-
efficients would have to be higher (lines 10 and 12,
Table 5). Additional factors must be at work. One of
these may be the average electronegativity of the cat-
ions bonded to the oxygen atoms, as discussed by
Shannon & Calvo (1973) but ignored in the present
treatment.

Keeping the foregoing limitations in mind the values
of line 10 of Table 5 and the dependence on CN,,
(Shannon & Prewitt, 1969) can be used for a predictive
equation for the mean P-O distance:

d(P-0),,=[1-496+0-012CN,,
+1-46DITOSQ)] A . (5)

The mean deviation between the 211 observed values
and the values calculated by equation (5) is 0-007 A and
the maximum deviation is 0-028 A. Some of the more
pronounced deviations may be explained by the sys-
tematic influence of large thermal motion on the ob-
served bond lengths. An example is AgPO,(OC,Hs),
(No. 87, Table 15) where the observed d(P-O),=
1-513 A, while equation (5) yields d(P-0),,1-533 A. All
temperature factors of the phosphate group oxygen
atoms are high; therefore, d(P-0),, corrected for rid-
ing motion is 1:523 A, which is in better agreement with
the calculated value.

Individual tetrahedral P-O distances

A study (Baur, 1970, 1971) of a large number of bor-
ates, silicates, phosphates, sulfates and titanates has
shown that the individual bond lengths d(A-X) within
a polyhedron around a cation A vary with p(X), the
sum of the bond strengths (Pauling, 1960) received by
the anion X,
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Individual bond lengths can be predicted using re-
gression equations of the form:

d(A-X)=[a+bp(X)] A (6)
and
d(A-X)=[d(A-X),,+ b4p(X)] A @)

where d(A-X),, a and b are empirically derived con-
stants for given pairs of A and X in a given coordina-
tion, Ap(x) is the difference between the individual
p(X) and the mean [p(X),,] for the coordination poly-
hedron, and A and X are atoms with formal positive
or negative charges. For the P-O bond the value of b
was determined (Baur, 1970) to be 0-109(5) (based on
equation (6) and using 174 pairs of values; correlation
coefficient 0-87). It is possible to use either an experi-
mental mean value d(P-O),, or to calculate it from
equation (5) [the required value of DI(TOSQ) can be
estimated from equation (16)].

Based on equation (7) an improved value of & for the
P-O bond was determined from the data from Table
15, by finding the regression equation between Ad(om)
and 4p(O), where A4d(om) is the bond length variation
within the phosphate tetrahedron [difference between
observed individual 4(P-O) and mean d(P-0),
A4d(om)=d(P-0)—d(P-0),,). The correlation be-
tween 4d(om) and 4p(O) is good (Table 6, Fig. 4) and
the mean difference between calculated and observed
values is only 0-010 A. Even the organic phosphates
fit equation (7) reasonably well. In the calculation of the
bond strengths the carbon atoms were given a formal
charge of 4+, a procedure which may appear extreme.
However, it is no more extreme than to assume a charge
of 5+ on a phosphorus atom. In both cases the formal
charges refer to the core of the atom without its valence
electrons {[compare on this point the excellent discus-
sions by Bent (1970) and Brown & Shannon (1973)].

Brown & Shannon (1973) have shown that the rela-
tionship between bond length and bond strength is ex-
ponential. However, the relationship between 4p(O)
and 4d(om) is essentially linear (Fig. 4). This linearity
can be taken as a reasonable approximation of the ex-
ponential form as long as the investigated range of
bond lengths is relatively small and the coordination
polyhedron is well defined.

Deviations from Pauling’s postulate

Individual p(O) values received by the oxygen atoms
range from 1-25 to 279 v.u. (valence units), which
means that Pauling’s (1960) postulate, according to
which the sum of the bond strengths should equal (with
opposite sign) the formal charge of the oxygen ion, is
not well obeyed in the 211 phosphate tetrahedra studied
here. The deviations from the postulate are compen-
sated by the variations observed in the individual bond
lengths [equation (7)]. The amount of variation in p(O)
can be expressed by a discrepancy index

D1(pO)=( .lep(o) —p(0)u)/4p(O)m - (8)

THE GEOMETRY OF POLYHEDRAL DISTORTIONS

The distortion indices DI(TO) and DI(OTO) are
strongly correlated with DI(pO), while the correlation
with DI(OO) is less pronounced (Table 6, Figs. 5-7).
The correlation between DI(pO) and DI(TO) is not
affected by separating the phosphate tetrahedra into
populations that contain and that do not contain shared
edges. However, there is no correlation between
DI(pO) and DI(OO) for the group of tetrahedra with
shared edges, while the correlation is fair for the tetra-
hedra without shared edges. Naturally, the relation-
ship between DI(pO) and DI(OTO) falls between these
extremes because the angle O-P-O depends on both
d(P-0) and d(0O-0). Therefore, it appears that for
phosphate tetrahedra with no shared edges the shape
is affected mostly by DI(pO) [i.e. by 4p(O)] while for
those with shared edges the influence of edge shorten-
ing on DI(OO) is also appreciable.

While the individual d(P-O) vary with p(O), there
is no correlation between the mean p(O) received by

1.554

1.53

d(P-O)lA]

corr.

T

1.49

1474

145
0.00 i) 0.02

—> DI (TOSQ)

Fig.3. Scatter diagram of mean P-O distances, 4(P-0),,
corrected for dependence on CN,, versus DI(TOSQ), see
Table 5, line 10.

-0.05

-0.101

——> Ap(0){v.u]

Fig.4. Scatter diagram of Add(om) versus Ap(O) (Table 6).
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the four oxygen atoms in a tetrahedron and the mean
tetrahedral distance d(P-0O),,. The correlation coef-
ficient between p(Q0),, and d(P-0O), is 0-05 (compare
rule 3, Baur, 1970).

Bond angles

As in any triangle the angle O(1)-P-O(2) in a tetra-
hedron is determined by its sides P-O(1) and P-O(2),
and by the length of the opposite distance O(1)-O(2).
Since d(P-0O) and d(0-0) vary from tetrahedron to
tetrahedron the angles must be affected accordingly.
These variations, however, are not always random, as
has been recognized by McDonald & Cruickshank
(1967) in the case of condensed phosphates for which
d[O(1)-0(2)} decreases in length as the mean of the dis-
tances P-O(1) and P-O(2) increases [d(P-O),]. Further-
more, Baur (1970) pointed out that: “The values of the
averaged angles o= / (X-A-X) around a cation tend
to vary inversely with the mean bond length d(A-X),
of the two sides of the angles. The geometrical rela-
tionship is:

log [sin (¢/2)] =a+b log [d(A-X)]; . (C)]

0.05
DI(TO)

T 0.04

0.03
0.02

0.01

0.00 v
Qoo 0.05 010 0.8 0.20 02s a.30

—> DI (pO)

Fig.5. Scatter diagram of DI(TO) versus DI(p0O), all phos-
phate tetrahedra (Table 6).
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The values a and b derived from the regression analysis
tend to be not very different from those theoretically
expected: a=log [sin ($/2)d,] and b= —1-0, where d,
is the grand mean of d(A-X) observed for a given pair
A and X in a given coordination.” The ‘theoretically
expected’ values refer to a coordination polyhedron in
which the anions outline an ideal polyhedron, where
the angle X-A-X is § when the central cation is cen-
tered in the polyhedron, and where X-A-X has the
value e when the cation is not in the center of the poly-
hedron [this corresponds for a tetrahedron to case 11
of Table 2, see Fig. 8(a)]. For orthophosphate tetra-
hedra the slope b was found to be — 108 (12) and for
condensed phosphates it was —1-49 (7). The differ-
ence in the values is significant and 1s related to
McDonald & Cruickshank’s (1967) observation of the
dependence of d(0-0) on d(P-O), in condensed phos-
phates. A slope different from —1{-0 means that this
population of tetrahedra does not conform to case 1l
of Table 2. The presence of shared and therefore
shortened tetrahedral edges often masks the / (O-P-0O)
versus d(P-0), relationship. In order to offset this
effect partially the correlations were calculated pre-
viously (Baur, 1970) for the values averaged over angles
formed by bonds with similar ¢(P-O), values within
each tetrahedron and not for the individual angles.

The regression analyses of the present sample were
performed on the non-averaged, individual pairs of
values of log [sin («/2)] and log [d(P-O),]. The influence
of shared edges was excluded by treating tetrahedra
with and without shared edges separately (Table 7).
In addition the dependence of d(O-0) on d(P-0);, as
well as the dependence of /(O-P-O) on the length
of the edge O-O were investigated [see Fig. 8(b)]:

log [sin (o/2)]=a+ b log [d(0-0)/2] . (10)

This equation is analogous to equation (9). A similar
equation was used by Louisnathan & Gibbs (1972). A
geometrically simple model to which this equation
could be applied would be one in which it is assumed
that d(P-O), stays constant while the distances O-O
and the angle O-P-O vary (case 1V of Table 2). For

Table 6. Results of weighted regression analyses involving the dependence on Ap(O) and DI(pO)

Only tetrahedra without shared edges included = nsh; only tetrahedra containing shared edged included =sh; for other explana-
tions see Table 5.

Dependent Independent

variable variable Remarks a b r % N
Ad(om) 4p(0) all 0-000 (0) 0:130 (2) 0-95 90 844
DI(TO) DI(pO) all —0-001 (1) 0-183 (6) 0-92 34 211
DI(TO) DI(pO) nsh —0-001 (1) 0-183 (7) 0-91 83 145
DI(TO) DI(pO) sh 0-000 (1) 0-187 (9) 094 88 66
DI(OTO) DI(pO) all 0-011 (1) 0-145 (8) 0-78 60 211
DI(OTO) DI(pO) nsh 0-006 (1) 0-173 (9) 0-84 71 145
DI(OTO) DI(pO) sh 0-018 (2) 0-105 (14) 0-69 48 66
DI(00) DI(PO) all 0-008 (1) 0-032 (5) 042 18 211
DI(OO0) DI(pO) nsh 0-005 (I) 0-050 (5) 0-66 43 145
DI(O0) DI(pO) sh 0013 (1) 0-006 (9) 0-09 1 66
DI(TOSQ) DI(pO) all -0-002 (0) 0:053 (3) 0-82 68 211
DI(TOSQ) DI(pO) nsh —0-:002 (0) 0-055 (3) 0-81 66 145
DI(TOSQ) DI(pO) sh —0-002 (1) 0-052 (4) 0-84 71 66
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case IV to be ideally fulfilled for a population of phos-
phate tetrahedra, a has to equal log [sin (5/2)/0-5¢/],
where e, is the edge length in an undeformed poly-
hedron [Fig. 8(b)] and b must equal 1-0.

Both the correlation coefficients and the coefficients
a and b of the regression equations are affected by the
large spread in d(P-0),, values in the different tetra-
hedra. Therefore, the individual d(P-O), and d(0O-O)
values were normalized to a standard mean P-O bond
length of 1:537 A by multiplying the individual values
by the factor 1-537/d(P-O),, separately for every tetra-
hedron. The angles O-P-O were left at the values of
the unnormalized tetrahedra. As a rule the effect of
the normalization procedure is for all three relations
[equations (9) and (10), and the d(0-0) versus d(P-O),
relationship] to increase the correlation coefficient and
to steepen the slope & of the regression equation. There
is only one exception to this rule: the trivial case of
the relatively undistorted orthophosphate groups prop-

007
0.06

0.051
D1(0TO)

0.041
o
°
° %oe o

0.03

°
°

w3 .
= :
0.02 * o ¢
-3
o
o
o
0.0t
' L] o
o o
° wQ: °
000 . - .
0.00 005 alo Qs 0.20 025 030

—> DI{pO)

Fig. 6. Scatter diagram of DI(OTO) versus DI(pO), phosphate
groups without shared edges only (Table 6).
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Fig.7. Scatter diagram of DI(OO) versus DI(pO), phosphate
groups without shared edges only (Table 6).
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®

Fig.8. Distortions of bond angle geometry. The special cases
of P-O=P-O’ are treated. (a) Case Il of Table 2: d,=
d(P-0),=P-0; d,=individual d(P-O)=P'-0=P"-0Q’; e=
d(0-0)=0-0’=tetrahedral edge; a= /(O-P’-O")=dis-
torted bond angle; f= /(O-P-O")=undistorted angle in
ideal tetrahedron. (4) Case 1V of Table 2: d=d(P-0),,=
P-O=P-0’=P-O”=P-0""=individual and mean P-O dis-
tance; e =d(0-0)=0-0’=undistorted tetrahedral edge in an
ideal tetrahedron; e,=d(0-0)=0"-0""=distorted tetra-
hedral edge; a= £ (O-P-O’)=distorted bond angle; f=
£/ (0”"-P-0""") = undistorted bond angle in ideal tetrahedron.

er [i(a) in Tables 4 and 7). In the unnormalized case a
positive correlation exists between d(0-O) and
d(P-0), because the distance O-O must increase pro-
portionally to d(P-O), in an undistorted polyhedron.
However, once the tetrahedra are normalized this cor-
relation has to disappear. The orthophosphates proper
represent the only population for which the regression
equations are given for the combined data of tetra-
hedra with and without shared edges. This illustrates
how deceptive the results can be when populations
which display different trends are mixed (compare ‘all’
with ‘nsh’ and ‘sh’ in Table 7).

An inspection of Table 7 and Fig. 11 reveals that
the negative correlations between d(O-0) and d(P-0),
(McDonald & Cruickshank, 1967) without exception
are very weak. This is very pronounced for all the or-
thophosphates, but is also true of the condensed phos-
phates. The highest correlation coefficient (—0-68) be-
tween d(0O-0) and d(P-O), was found for the poly-
phosphates. This defines a much weaker correlation
than the polyphosphates show between log [sin («/2)]
and log [d(P-0),] (—0-94).

Few of the subpopulations conform to either the
purecase II of Table 2 (equation (9) with the ideal values
a=log[1:537 sin (109-471/2)]=0-099 and b= —1:0) or
to the pure case IV (equation 10 with the ideal values
a=Ilog [sin (109-471/2)/1-255]=0-187 and #=1-0). The
closest match between these geometrically expected
values and the coefficients of the regression equations
is found for the orthophosphates proper without shared
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edges. Taking into consideration both the values of the
coefficients @ and b and the correlation coefficients it
appears that the orthophosphates proper agree best
with equation (10). For most of the other populations
the dependence of the angles on both d(P-O), [equa-
tion (9)]and 4(O-0)[equation (10)]is pronounced. Some
individual variations are apparent, such as the observa-
tion that the acid phosphates behave similarly to the
orthophosphates proper, while the organic, the ring-
and the polyphosphates conform better to equation (9).
There is no contradiction in the observation that the
same population can conform with high correlation
coefficients to both equations (9) and (10). This can
happen as long as the coefficients of the regression
equations are clearly different from the geometrically
ideal values expected for the pure cases 11 and 1V of
Table 2. .

The observed dependence of the angle O-P-O on
both d(P-0O),; and d(0O-0O) means that neither case 1I
nor case IV completely describes the distortion be-
havior of the phosphate tetrahedron. Instead, the dis-
tortions follow a composite model of cases 1I and 1V
in which case II must be the dominating influence for
most of the subpopulations, as is evidenced by the
values of DI(TO) and DI(OO) in Table 4. In this com-
posite distortion model d(0-0) tends to decrease as
d(P-0), increases in length, and vice versa. Neverthe-
less, this tendency is not as pronounced as the rela-
tionships between / (O-P-0O) and d(P-O), or d(O-0)
are. Otherwise the correlation coefficients for d(O-0)
versus d(P-O); would be larger than observed. The
data for the different correlations when plotted in
Figs. 9, 10 and 11 separately for the orthophosphates
and the condensed phosphates (excluding the tetra-
hedra with shared edges) show an appreciable scatter,
which is most pronounced for the d(O-O) versus
d(P-0O), relationship. The log[sin («/2)} versus log
[d(0-0)/2] plots indicate a slight deviation from lin-
earity.

Prediction of O-P-O bond angles

Of all the angle relationships only one is of practical
value: the log [sin («/2)] versus [d(P-O),] relation, be-
cause it allows the prediction of /(O-P-O) for a
known d(P-0),, which in turn can be calculated from
the bond strength distribution within the tetrahedron.
The coefficients of Table 7 and a modification of equa-
tion (9) can be used for such calculations:

L(O—P-O) =2 arcsin (10 a+b log [d(O-P),]) , (1 1)

where d(P-O), is the normalized average of the two
sides of the angle. Angles calculated with equation 11
agree for the data of Fig. 9(a) on average within 1-6°
with the observed values, for the data of Fig. 9(b)
within 1-8°. A detailed example is given later.

The corresponding relation derived from equation

(10) is:

/ (0-P-0)=2 arcsin (10a+bloe [4(0-02ly = (12)

THE GEOMETRY OF POLYHEDRAL DISTORTIONS

where d(0-0) is the normalized edge length. How-
ever, since there is no simple way to predict individual
d(0-0) values in a distorted tetrahedron, this rela-
tionship is of limited practical value.

Tetrahedral edge lengths

The length of an edge O-O in a regular tetrahedron
is d(0-0) =2(2)V2d(P-0). Drits (1971) has investigated
a number of tetrahedral groups (mostly silicates) and
found that the mean 4(O-0) length in a distorted te-
trahedron is related to the mean d(T-O) length by the
relation

(13)

where T is a tetrahedrally coordinated cation. If this
relationship holds true it means that any edge shorten-
ing is compensated by the lengthening of another edge

d(o_o)m = 2(%—)1/2d(T_O)m s

-005
log [sin{a/2)]
-0.10
-5 .
Q.15 0.20 025
—> log [d(P-O).]
(@)
-0.054
log [sinfa/2)]

T

-01%

——> log [d(P-0),]
(b)

Fig.9. Scatter diagram of log [sin (2/2)] tversus log [d(P-0O),),
phosphate groups without shared edges only [where d(P-0);
is the normalized mean of the two sides of the angle, sce
Table 7]: (@) orthophosphates, including acid and organic
phosphates; (b) condensed phosphates.
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(or edges), so that the sum of the lengths of the edges
remains constant for a given d(T-0),, value. For the
type of distortion of a tetrahedron illustrated in Fig.
1(a), however, this relationship cannot be strictly
obeyed. Any movement of the central cation out of
the centroid of the tetrahedron will increase d(T-0),,,
while the d(0O-0) values stay constant (by definition
in this type of distortion). Therefore d(0-0),, as cal-
culated from equation (13) will be greater than the ac-
tual d(0-0),,. Similarly it can be shown (by consider-
ing the limiting cases) that any distortion of the type
illustrated in Fig. 1(c), must result in a decrease of the
sum of the lengths of the edges. Again this means that
d(0-0),, resulting from equation (13) will be greater
than the observed d(0O-0),. For the type of distortion
in which the angles O-P-O stay constant [Fig. [()]
equation (13) likewise does not hold true. However, in
this case the calculated value of d(0-0) is smaller than

-0.05

lag [sin{a/2)]

T

0.10
°
-0.15
0.05 .10 0.5
—> log [d(0-0)r2]
(@)
-0.05
log [sin(as2)]
-0.10
-0.15
0.05 010 0.15
——> log [d(0-0)/2]
(6)

Fig.10. Scatter diagram of log [sin («/2)] versus log [d(0-0)/2],
phosphate groups without shared edges only [where
d(0-0) is the normalized length of the tetrahedral edge, see
Table 7]: (a) orthophosphates, including acid and organic
phosphates; (b) condensed phosphates.
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the observed value. Since this latter type of distortion
(case III of Table 2) does not occur among the phos-
phate tetrahedra studied here, d(O-0),, as calculated
from equation (13) is always larger than the observed
d(0-0),,. The values of 4d(0-0) [=d(0-0),, catrc—
d(0-0),, ops] range from 0 to 0-015 A (Table 15).
Therefore, for all practical purposes equation (13) does
not give an exact value but instead defines an upper
limit for the average d(O-O) in a phosphate tetra-
hedron. The more distorted a tetrahedron the larger
the discrepancy between the calculated and observed
values. The correlation coefficient between A4d(0O-0)
and DI(TO) is 0-87 (Fig. 12), between 4d(0-0O) and
DI(OTO) it is 0-85 and between 4d(0O-0) and DI(O0)
it is 0-48. Based on the result of the least-squares regres-
sion analysis equation (13) should be superseded for
phosphates by

d(0-0),,=2(2)"?d(P-0),,— 0-21DI(TO) .  (14)

For the 211 phosphate tetrahedra the mean devia-
tion between d(0O-0,,) as observed and calculated from
equation (14) is 0-001 A, while the mean deviation is
0-004 A from equation (13). Since the distortions in
most other tetrahedral ions are similar to those in the
phosphate groups insofar as case 111 distortions seem
to berare, itis likely that equation (14) is applicable to
various tetrahedral groups, including the silicate tetra-
hedron.

Shared tetrahedral edges

The lengths of edges shared between different poly-
hedra in an ionic or partly ionic crystal structure are
usually shorter than the edges which are not shared
(Pauling, 1960; Baur, 1972). The phosphate groups are.
no exception to this rule. Of the 211 phosphate tetra-
hedra 35 share one edge with neighboring polyhedra,
17 share two edges, 13 three edges and one shares four
edges. These 66 tetrahedra have 112 shared edges of
an average length of 2-472 A and a corresponding
mean angle O-P-O of 107-1°. The 284 unshared edges
in these 66 tetrahedra have a mean length of 2:526 A
and a corresponding mean angle O-P-O of 110:3°.
The difference between shared and unshared edges is
even more pronounced in the orthophosphates proper.
Of the 64 orthophosphate tetrahedra 29 contain 63
shared edges with a mean d(0-0)=2-469 A [/ (O-P-
0)=106-3°] and the 111 unshared edges have a mean
d(0-0)=2-536 A [/ (O-P-O)=111-2°]. The larger
the bond strength contributed by the central cationina
polyhedron which shares an edge with the phosphate
tetrahedron, the shorter the shared edge tends to be.
However, the scatter is too large for the trend to be
useful for predictive purposes. That the effect is small
can be seen from a comparison of the shared edges
in LiMnPO, (52), Li(Fe, Mn)PO, (73) and NaMnPO,
(99) where the common edges with the polyhedra
around the monovalent cations (0-17 v.u.) are on the
average 0-04 A longer than the shared edges with the
polyhedra around the divalent cations (0-33 v.u.).
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Different tetrahedrai groups show widely differing
resistances to distortions caused by the shortening of
shared edges. Comparisons of this kind are most
reliable when isostructural compounds are compared
because effects which are specific for a certain struc-
ture type remain constant in the series and cannot ob-
scure the comparison. Of course the nature of the te-
trahedral groups is not the only variable, since the
sizes and charges of the other cations in an isostruc-
tural series can also vary. An inspection of Table 8
shows that the difference between the lengths of the
shared and the unshared edges is about half as large
for phosphate tetrahedra as it is for silicate tetrahedra.
This means that phosphate groups are more rigid
against distortions caused by shared edges than silicate
groups. This greater flexibility of silicate tetrahedra is
also evident from the large scatter of the log [sin (a/2)]
versus log [d(8i-O)] plots (Baur, 1970) in which the
tetrahedra with shared edges were not separated from
those without shared edges. For silicate tetrahedra one
might expect an even greater difference in the bond-
angle bond-length correlations for populations with
and without shared edges than were found for the phos-
phates. Of the tetrahedral groups BeF,, BeO,, BO,,
Cr**0,, AsO, and VO,, only BeF, is similar to PO,
in its resistance to being distorted by the shortening of
shared edges (Table 8). The differences in resistance
seem to be related to differences in the cation-anion
bond lengths and bond strengths.

Because the mean lengths d(O-O) in tetrahedra with
a given constant d(P-O) tend to be approximately con-
stant, the lengths of the shared and the unshared edges
should depend on the number of the shared edges in
the tetrahedra, provided that the amount of shorten-
ing of any shared edge relative to the unshared edges
is more or less constant. This can be expressed as:

d(o_o)m, nsh— [Gd(O—O)m + nshA]/6 s (1 5)

where d(0-0),,, nsn is the mean length of the unshared
edges, ng, is the number of shared edges per tetra-
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Fig.11. Scatter diagram of d(O-0) versus d(P-O),, phosphate
groups without shared edges only (see Table 7): (a) ortho-
phosphates, including acid and organic phosphates; (b)
condensed phosphates.

Table 8. Difference (4) in the mean lengths of shared edges [d(0-0).,] and unshared edges [d(0-0),,] for
phosphates, silicates and several other tetrahedral groups of olivine, spodiosite and zircon types

The multiplicities are given in square brackets after the distances. The reference numbers refer to Table 16.

Structure Mean

Compound type Y| d(0O-O)g,

LiMn{PO,] olivine 0-105 A 2463 A 3]
Li(Fe, Mn) [PO,] olivine 0-105 2:466 [3]
NaMn[PO,] olivine 0-086 2:478 [3]
CaMglSiO,] olivine 0-181 2:556 {3]
(Mg, Fe),[Si0O,] olivine 0-207 2-549 [3]
Fe,[Si0,] olivine 0-191 2:562 [3]
Na,[BeF,] olivine 0-080 2:490 [3)
Al[BeO,) olivine 0-245 2-523  {3]
AlMg[BO,] olivine 0-144 2:349  [3]
Ca,CI[PO,] spodiosite  0-096 2:484 {4)
Ca,Cl[CrO,] spodiosite  0-236 2:693 [4]
Lu[PO,] zircon 0-166 2391 [2)
Lu[AsO,] zircon 0-290 2:548 [2]
Y[VO,] zircon 0-247 2:637 [2]
Zr[SiOy) zircon 0-322 2:430 [2]

Mean
d(O—-0) s References
2:568 A [3] 52
2-571  [3] 73
2:564 [3] 99
2:737 [3] Onken (1965)
2756  [3] Hanke (1965)
2:753  [3] Hanke (1965)
2-:570 [3] Hanke (1965)
2:768  [3] Farrell, Fang & Newnham (1963)
2:493  [3] Fang & Newnham (1965)
2580 (2] 128
2929 [2] 128
2:557  [4] 129
2:838 [4] 129
2-8384 [4] 129
2752 [4] Robinson, Gibbs & Ribbe (1971)
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hedron and 4 is the difference between the mean
lengths of the unshared and the shared edges [4=
d(0-0)pp, s —d(0-0),,.sn]. Because the influence of
shared edges is dominant for the orthophosphates
proper they have been selected for a test of equation
(15) (see Table 9). It was assumed that d(0-0),, is
2-512 A, corresponding to the mean d(P-0) of 1-539 A,
and that 4 is 0-077 A (2:536-2-469 A, see above). The
agreement is reasonable for d(0-0),, ..,; however,
the observed d(0-0),, ,, display a smaller slope than
the calculated values. This may mean that there is a
lower limit for the shortening of shared edges in phos-
phate tetrahedra. As this limit is approached it be-
comes increasingly difficult to shorten the edges further,
thus decreasing the rate at which d(0-0),, ., contracts
with the diminishing number of shared edges.

Applications

The various correlations discussed above allow the pre-
diction of all details of the shape of a phosphate tetra-
hedron based on the knowledge of the complete coor-
dination and bond strength distribution of every in-
dividual oxygen atom within the PO, group. The ex-
ample used here for a detailed calculation is the acid
organic diphosphate group —-CO;P-O-PO;H, in thia-
mine pyrophosphate hydrochloride (60). It contains a

00Is o °

0.0104
ad(o-0)A]

T

0.005+

Fig.12. Scatter diagram of 4d(O-0) versus DI(TO) (see text).
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bridging oxygen atom bonded to two P atoms, as
well as oxygen atoms bonded to carbon and to hydro-
gen. The estimated standard deviations of the P-O
bond lengths are +0-002 A. Therefore, the precision
(and presumably the accuracy) of the crystal structure
determination is so high that any deviations between
observed and calculated distances and angles must be
due to the shortcomings of the model used and cannot
be blamed on errors in the observed data. All oxygen
atoms in this CP,0,H, group are two-coordinated.
The bond strengths contributed by the different neigh-
bors vary from ¢ to § and therefore the sums of the
bond strengths, p(O), are as indicated in Table 10.
These p(O) values are then used to calculate DI(pO)
and to estimate the DI(TOSQ) values (see Table 6):

DI(TOSQ)=a-+bDI(p0). (16)

From the estimated DI(TOSQ) values and the mean
coordination numbers, CN,,, the mean d(P-0O) values
can be calculated from equation (5). The predicted
d(P-0),, value for the tetrahedron around P(19) is
1-538 A and for the tetrahedron around P(23) it is
1-529 A. As can be seen both are in excellent agree-
ment with the observed mean d(P-O) values (Tables
15 and 11). The bond strength variance 4p(0O), derived
from p(O) yields (equation (7), Table 6) the bond length
variance, 4d(om). Using the calculated d(P-0),,, one
arrives at the calculated individual d(P-O) values
(Table 11). The calculated d(P-O) are then normalized

Table 10. Bond strength-calculation for the diphosphate
group in thiamine pyrophosphate hydrochloride (60)

Covalently bonded hydrogen atoms are indicated under H(d),
hydrogen bonds accepted by the oxygen atoms are marked as
H(a). For P and C the donated bond strength is the formal
charge divided by the coordination number. The bond strength
of the hydrogen atom is divided in the ralio # to 4 between the
donating oxygen atom and the hydrogen bond acceptor
(Baur, 1970).

P(19) P23) C H H@  p0)
0(18) 3 s 2:250v.u.
0(20) H 3 1-417
oQ1) : 3 1-417
0(22) H s 2:500
0(24) s 3 2083
0(25) H 3 2083
0(26) H 3 1-417

Table 9. Orthophosphates proper, tetrahedra with shared edges: comparison of calculated and observed lengths of
shared and unshared edges as a function of the number of shared edges according to equation (15) (see text)

The numbers in square brackets indicate how many tetrahedra were used in averaging.

Calculated
Nsh d(o"o)m, sh Hash d(o"o)m, nsh
0 — 6 2512 4
1 2-448 A 5 2:525
2 2:461 4 2-538
3 2-474 3 2-551
4 2:487 2 2-564
5 2-499 1 2:576
6 2512 0

AC30B-6

Observed
d(o—o)m. sh d(o_o)m. nsh #
2458 A 2:521 A (8]
2:454 2538 9]
2:478 2-548 [11}
2:484 2-580 1]
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to a d(P-0),, of 1-537 so that equation (11) can be ap-
plied, and the calculated / (O-P-O) are obtained with
a=0-180 and b= —1:44 (Table 7, diphosphate, nsh).
Now for every angle in the tetrahedron the lengths of
both sides and the angles themselves are known, and
the third sides of the triangles [the edges d(O-O)] can

‘

THE GEOMETRY OF POLYHEDRAL DISTORTIONS

be calculated. The agreement between observed and
calculated values is satisfactory (Table 11).

The input into such calculations consists only of the
bond-strength distribution to the four oxygen atoms
of the phosphate tetrahedron, which means that the
p(O) values of the oxygen atoms must be known or

Table 11. Diphosphate group in thiamine pyrophosphate hydrochloride (60), observed and predicted bond lengths

d(P-0), bond angles /(O-

Calculated =calc.; observed =obs.; normalized =norm.; the 4,

P-0) and edges d(0O-0O)

4, and 45 are the differences between the preceding observed

and calculated values. For other explanations see text.

Adym d(P-0) d(P-0)
§ ()] 4p(0) calc. calc. obs. 4,

P(19)-0(20) 1417 v.u. — 0479 viu. —0:062 A 1-476 A 1-478 A 0-002 A

P(19)-0(21) 1-417 —0-479 —0-062 1-476 1-481 0-005

P(19)-O(18) 2:250 0-354 0-046 1-584 1:580 —0-004

P(19)-0(22) 2:500 0-604 0-079 1-617 1-602 —0015

Mean 1-896 1:538 1:535 0-006

P(23)-0(26) 1-417 —0-604 —0-079 1:450 1-465 0-015

P(23)-0(25) 2:083 0-062 0-008 1:537 1-534 —0-003

P(23)-0(24) 2:083 0-062 0-008 1-537 1-537 0-000

P(23)-0(22) 2-500 0-479 0-062 1-591 1-584 —0-007

Mean 2:021 1-529 1-530 0-006

d(P-0); /(0-P-0) /(O-P-0) d(0-0) d(0-0)
norm. calc. obs. a4, calc. obs. ViR

©(20), O21) 1-475 A 119:7° 119-7° 0-0° 2:553 A 2:559 A 0-006 A
0(20), O(18) 1-529 110-4 110-5 0-1 2-514 2:513 —0-001
0(20), O(22) 1-546 1079 1096 1-7 2:501 2:517 0016
0(21), O(18) 1-529 110-4 107-2 —32 2:514 2-464 —-0050
0Q21), 0(22) 1:546 107-9 107-4 -05 2:501 2:485 —0-016
0(18), 0(22) 1:600 1006 100-8 0-2 2:462 2:452 —0-010
Mean 1-537 109-5 109-2 1-1 2:508 2:498 0017
0(26), 0(25) 1-502 114-8 1135 —13 2:517 2:508 —0-009
0(26), O(24) 1-502 114-8 1157 09 2:517 2:542 0025
0(26), 0(22) 1-529 110-4 112:0 16 2:499 2:529 0-030
0(25), O(24) 1-545 108-0 1086 06 2-489 2:494 0005
0(25), 0(22) 1:572 104-2 103-0 —12 2:468 2:440 —0-028
0(24), 0(22) 1:572 1042 1029 —-13 2-468 2-442 —0-026
Mean 1-537 109-4 109-3 1-2 2:493 2-492 0-021

Table 12. Average observed and calculated values for diphosphates (P,0,), ring-phosphates (POs), and chain-

phosphate

) (Pos)oo

Only tetrahedra without shared edges were used. The number in square brackets in the heading shows how many tetrahedra were
used in the averaging. The number in square brackets between the observed and calculated values indicates how many times the
averaged values occur within a tetrahedron. Grand mean over tetrahedron=g.m.; bridging oxygen atom=O(b). Source of data

is Table 15.
P,0, [30] (PO3), [17] (POs)w [11]
obs. calc. obs. calc. obs. calc.

P-O(g.m.) 1-5314 [4] 1:531 A 1544 A [4] 1-543 A 1:542 A [4] 1-543 A
0-0(g.m.) 2:497 [6] 2-487 2-512 [6] 2:519 2-510 [6] 2519
O-P-O(g.m.) 109-4° [6] 108-7° 109-2° (6] 109-6° 109-2° [6] 109-6°
CN,, 243 [4] 279 (4] 275 [4]
p(O) (g.m.) 2-050v.u. [4] 2-118v.u. [4] 2:134v.u. [4]
p(0O) 1-898 [3] 1-685 [2] 1-728 [2]
plO()] 2:506 (1 2:551 2] 2540  [2]
P-O 1’513 A [3] 1-511 A 11480 A [2] 1-487 A 11489 A [2] 1-488 A
P-O(b) 1-584 [1] 1-590 1-608 [2] 1-399 1:594 [2] 1-593
0-0 2-511 [3] 2:494 2-564 [1] 2:554 2-570 [11 2-559
0-0(d) 2-483 [3] 2-480 2-508 41 2-521 2-509 (4] 2:517
O(b)-0O(b) 2477 [1] 2475 2-455 [11 2475

-P-O 112:2° [3] 111-2° 120-1° [1] 118-4° 119+4° [ 118-6°
O-P-0(b) 106-6 [3] 1062 108-5 [4] 109-5 108-8 [4] 109-5
O(b)-P-O(b) 100-9 m 101-4 100-6 (1] 101-9
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assumed. This information necessarily includes the
knowledge of the coordination numbers of these oxy-
gen atoms. The result is a complete geometrical de-
scription of the tetrahedral shape, which includes all
distances and angles within the phosphate group.
Analogous predictions of the shapes of tetrahedral
groups are presented in Tables 12, 13 and 14 but in
these cases the calculations refer to averaged groups.
The bond strengths p(O), p[O(b)], p[O(c)] etc. and the
CN,, values have been averaged for every kind of the 11
different phosphate tetrahedra and used as input for
the calculations. Mean deviations between observed and
calculated values are 0-006 A for d(P-0), 0-013 A for
d(0-0) and 0-9° for /(0O-P-0), 0-004 A for d(P-O)
(g.m.), 0008 A for d(O-0O) (g.m.) and 0-3° for
/(O-P-0) (g.m.). The greatest discrepancy was ob-

THE GEOMETRY OF POLYHEDRAL DISTORTIONS

tained for the CPO, group where the calculated mean
P-O distance is 0-013 A longer than the observed
d(P-0) (g.m.). Tables 12, 13 and 14 are also useful
because of the mean observed values listed there for
the different phosphate groups. These values can be
employed for comparative purposes: for instance when
a new structure is determined and it has to be decided
whether or not a particular phosphate tetrahedron has
OH groups.

The calculated tetrahedral shapes can be of value
as input to the computer simulation of crystal struc-
tures. A case in point is the solution of the superstruc-
ture of cubic SiP,0,;. The substructure of this com-
pound (a=7-47 A) had been known for a long time
(Levi & Peyronel, 1935). The superstructure (a=22-42
A) has a volume 27 times as large as the substructure

Table 15. Phosphate tetrahedra: interatomic distances, bond angles, bond strengths, coordination numbers,
distortion indices and e.s.d.’s

i (@) Orthophosphates proper

TNz 0-1-0 0-0 SM PIO) M C 281 ¥-D1 ¥-02 0=T-g 0-0 SH 32 -1
1,526 113.2 2,310 0 L9171 1517 1531 109.6 2,487 0

1,528 100.4 7,471 O 1. 1512 1,331 109.6 2.487 0
1.531 108.8 2,480 0 1,917 1 2 1,512 1.931 109,58 2.487 0
1528 14531 1331 1093 2.498 0
10531 10531 109, 3 2,498 0
1,531 1,931 109.3 2,498 O
1,526 1,015 109.¢ 2.493

v-02 29 n-o M
1.308 2.509 0
1.530 2.532 0

301

1537
1,536 1.537
1.336 1.540
1.837 1.%17

At

21

1.917 109.% 14938 2,009

PLOY M C

R C Ses a2

=
ESRRY

2
3
ossoz

1
LI 1081

FRETY

1
1nst
1

1
m et

1
1231

1
1241

NNe—T

PNNNNACION YL LN

20 30 1%
e 2 Vet
o o 1 8 2
Wi el €125 ptar HC
Lotrz 2 3 1.917 03
Lo e 2 1.917 0 %
et 2 ) ts17 03
DOAN 3 2.250 0 &
] LRI
32 s - oA
1 oo ° « 50
2101 ¢ oz C t2e1 Pio moC
-917 0 4 1 2.000 0 4
14917 0 4 3 2.000 0 4
2,083 0 4 3 2,000 0 &
2.083 0 & - 2.000 O &
S Y 2t 3 825 17
S a2 . 2ty
2 400 o o a0
stm mcoon €101 PIOY HC
. 0 3 ?.000 0 3
1,920 0 9 3 2,000 0 3
2.187 0 & 3 2.000 0 Y
2,269 0 & 3 2.000 0 3
11 28 16 Kl 0 4) 29
3208 s 15
3Tt 1 2,000 109.8 z 00
P(0) M C M3Z C
1.786 01 3
2.033 0 & 2
1.983 0 3 3
2,220 0 & 2
1023 9 °
32 1 [y
2 s 0 ]
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Table 15 (cont.)

i (b) Acid orthophosphates

T-02 0-T-0 0-0 SH PLO)
1.92% 112.0
35 111.6

11 7-01 T-02 0-T-C
1.497 1.949 111,
1.497 1.548
1.497 1.492

PLO)
1.583

0-T=0

W 191 101 48t T-01
21 3 1.818 113.8

106.8
1Lz

1% T-01
1.500 1.%42
1,500 1.345
1.500 1.588
1,582 1,348
14547 1,508
+34% 1,988
1,944

1T 109, 4 o 2
ne

ts1 y-01 v-02 O-T-0
1.503 1,9%4 113.7 2,525 0 1,583 2 1
1.903 1.544 L12.7 320 31,7503 1
1,503 1361 1116 81 0°1.730 3 1
14554 1,545 106 2.521 0 2.2%0 1 2
1.9%4 1.981 104.1 s
1,848 1,981 107.3 B &1l
1,541 1.993 109.4 1

182 T-01 T-02 0-7-0 e
1.477 1.942 110.9 2.939 0 1,790 3 ¢
1.477 1,937 1078 2,509 0 1,730 3

L.477 1,534 114.9 942 0 1.750
1,542 1,937 110.8 2.517 0 2,083 0 2
2542 1,954 108.1 2,608 1 15 22
1.537 1.334 100.1 5220 1 1
1.332 2,007 109. 2.9 1

171 7-01 T~ 0=T-0 C=0 SH PLO) H
1.506 {1908 112.9 Z.334 0 2
12506 Ri3s1 2110 2,435 0
+506 1.57) 110.7 2.924 o
. 2.%18 o
1.506 1.973 2,449

1.5%1 1.57) 2.%09
2.498
19 v-01 0-0 Sk PLOY
1.504 1.91% 115.% 13 2.49% 1 1.6%4 2
1.5%6 103.4 t 2.%27 0 1.972 0
1.504 1,572 110.4 2 2.%37 0 2.194 0
1.91% 1.9%¢ 108.% 2 2.49% 0 2,19 0
1.515 1,972 107.2 2 9 - 2.429 1 1728 %
1536 1.572 106.9 3 2 4 1 2.47 . 2
1537 1,873 109.4 2.507 2 2 1,528 2.01% 109,4 2,493 29
i (¢) Organic phosphates
111 7=0L 1-02 O-T=0 D-O SH P(O} H C 791 7-01
1,498 1.490 L118.3 2.944 0 1.7%0 0 2 1,453
98 1.979 109.46 2.91% 0 1.7%0 0 2 19’
12498 1,979 106,35 2,458 0 2,583 0 2

oz
2.488 0 2.2%0 0 2
2,916 0 23 28 10
24260 3 2 &
496

o- "o ®
2.922 0 1.%00 0
2,499 0 2,000 O
2,423 0 2.290 0
2,424 0 2.7%50 0

2.819 0 2.393 03

2,405 1 26 32 16
2.930 3
2,901

an 2
0-0 Sk PIOY W C1031
2,929 0 1,383 2 1
2,459 0 1.583 2 1
2.541 0 2.083 0 2
2,347 0 2.427 1 2

2.%40 0 4
2.308
0-0 W P(0) W (1081

2,481 0 24 43 22 1.486 1.611 107.4
[X] 2.%03 0 13 717 14610 1,611 102.7
1.917 109.3 2.492 s 1y 2 1.319 1.910 109.4 2.470 LI ) 1.%46 1.873 109.2

and was solved by first predicting all 173 individual
P-O, Si-O and O-O distances by employing, inter alia,
relations as outlined in this paper. Then the predicted
distances were treated as observations in a distance
least-squares refinement in which the 134 positional
coordinates of the S0 atoms in the asymmetric unit
were varied until the calculated distances fitted the pre-
dicted distances. A conventional structure-factor cal-
culation gave an R value of 0-18 (1382 F,,,) for the
predicted superstructure and was refined subsequently
to 0-06 after three least-squares cycles (Tillmanns,
Gebert & Baur, 1973).

The prediction of the detailed shapes of the ortho-
phosphates proper is more difficult because their dis-
tortions (Table 4) are much smaller than those of

107.4

0-0 SH PI0) H € 612 T-0L T-02 O-1-0 D-O SK P(O} H C BOI T~01 T-02 0-T-0 0-0 54 P(D) W C
2.840 0 1,708 0 3 1.943 2 | 1.916 1.520 112.2 2,521 0 1.917 0 )
2,462 1 2,083 0 2 10516 1,533 107.8 2,457 0 1.917 0 3
20492 © 2,083 0 2 1.518 2.923 01,7901 2
2,524 0 2,08 02 1.920 2,530 0 2.230 1 2
2,939 0 11 28 18 1.920 24020 1117 8
2 1.833 2,900 3 2 4
1.915 2,903 171
=01 0-0 Sk #10) ¢
1.5 1,493 2,574 0 1.503 2 |
1.383 2,1 1,493 2.462 0 1,583 2 1
2,083 02 1.493 2,937 0 2,083 0 2
2.2%0 12 1.%00 2,532 0 2.2%0 1 2
920 8 2.847 s 2913
® a1 2,319 1)
216 2 2,903 3 &
701 Pta) wC 2t 0-0 SH PO} K C
1.7%0 © 2,953 1 1,647 1)
1,750 0 3 2,517 0 1ea? 1
23301 2.513 0 2,333 0 &
233303 2,313 02,333 0 4
23 a1 28 2,317 0 2817 4
z2 1 2.%401 1 810
$ 14 2,422 217 3
107 PL0) M C 8at -0 $w 101 W C
1.667 1 2.334 0 1,750 3 1
1.750 3 1 2.522 0 1.%83 2 1
2.083 0 2 2.817 0 1,790 5 1
2.2%0 1 2 2.500 0 2,083 0 2
1823 11 2,508 0 16 22 &
2.1 2 2.4800 4 3 7
212 2 2.308 2z 3
71 P01 ¥ Cron 0-0 SH P10} W C
1.803 2 1 2,382 0 1,467 1 2
L7503 1 2,482 01.750 03
2,083 0 2 24380 0 2,290 L 2
2.083 0 2 2,389 © 2.330 0 3
22 21 10 2,410 1 19 &4 2
32 2.4820 4 3
11 2.811 s H
L1 PLOY w € 1072 0-0 $H P(O) M C
1.7%0 2,340 01.730 0 3
1.917 1 2 2.539 0 2.000 0 8
2.083 02 2-930 0 1,917 1 2
2.083 0 2! 2.484 0 2,333 0 3
14 24 14 2.439 0 18 2714
1.353 1.360 1 823 2 2.6470 4 2 3
1.33% 1,959 109.9 2.508 1 1 2312 s 8 2
1221 -0 SH PLOY W C
2,922 0 1,383 2 1
2.9%0 0 1,583 2 1
2.462 0 2,083 0 2
2.482 02,2501 2
2.8%9 0 24 28 11
2.5290 8 %11
1.87% 109.4 2.513 216 4
1082 P(O) M C 1131
TeATL L L
1.503 21
2.2%0 0 2
2,250 0 2
o 431210
T
1081 nCo1eL
17
14711
2.2%0 0 2
2,290 0 2
34 4317
k]
1
1082 #01 W C 1101
1.417 1
.47 1 L
2.2%00 2
2.2%0 02
48748 13 0
s 3 3
10 s
1091 #40) W € 1201 <
1 1.790 1
1903 2 | 2
2.083 0 2 ?
2.250 0 2 2
2129 18 »
7 410 s
13 1 [N s
no1 o101 W C Al <
1 1.58 2 2
1.7%0 3 | b4
2,2%0 0 2 2
2.2%0 0 2 2
0 37 18 &
3 ] 4 9
13 1 I3 T 1.430 2.101 109.3 2.493 613 2
12 POI WL 1202 T-01 T-02 0-T-0 0-0 5H P{O) W C
1 1 1.417 1 14472 1,474 116.7 2,508 0 2.703 1 2
1383 2 1 1.472 1.973 110.0 2.498 0 1.869 2 2
2,983 0 2 1472 1.993 102.9 2.397 0 2.2%0 ) 7
2,383 0.2 1,573 111.8 2,520 0 2,583 0 7
2.493 0 4232 ® 2.410 0 43 49 20 1,393 109.7 2,509 0 35 32 13
2560 3 3 7 V28 10573 1.503 10%.1 2.5130 T &
2817 72011 1,341 2,041 109.2 2.5Q7 10 27 12 1.528 2.101 109.3 2.490 $1s8 1

phosphate tetrahedra in the other populations and be-
cause the various correlations are best displayed for
large distortions. The best opportunity for the calcula-
tion of orthophosphate tetrahedra is given for those
that have shared edges with other polyhedra in the
crystal structure, because in this case equations (14) and
(15) can be used to calculate the lengths of the edges.
The angles O-P-O can then be deduced from the tri-
angle P-O(1), P-O(2) and O(1)-O(2). However, it has
to be kept in mind that the lengths of the shared and
unshared edges in coordination polyhedra depend also
on packing considerations within a crystal structure.
Many distortions can be viewed as a consequence of
the geometric adjustments of the polyhedra to each
other. The distances and angles are strained in response
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ii (@) Diphosphates
41 T=Al T=0? 0-T-0 " T-D2 N-T-n D-0 SK 2(0) " c2rs
1.52% 1.%17 6 0 1.909 112.8 2.508 0 1.917 1
1.505 1.524 ] 1.927 115.0 2.5%% 0 1,750 2 2
1.50% 1,579 o 1,612 1N1.8 2,419 0 1.7% 2 2
L.SL7 L.524 1 L4527 111.1 2.503 0 2.%00 0 2
14517 1.579 o 1.612 10A.9 2.541 0 24 33 12
1.524 1.579 o 5 2.516 0 s ¥y 7
1.9%1 2.0 79 109,13 2.507 4 2
42 -0l T1-02 1-02 D0-T-0 W OPIO) W C 278
1,493 1.%0% 11.750 0 % 1.512 1.93% 113.3 2.548 0 1.6%0 0 2
Lad9™ 1,938 D 2.000 0 & 1912 1,541 112.4 2,511 0 1,983 0 3
1.49% 1,615 D 2.000 0 & 1.512 1,603 112.2 2.936 0 1,98% 0 3
1505 1532 1 1961 109.7 2,518 0 2.500 0 2
1,505 1.61% a 1,60 103.2 2,440 0 18 3 A3
1338 1.613 o s %
1.938 2,063 ?
41 1-01  T-02 " f=n $n PLO) W C 217
1.473 1,508 o 2.528 Q 1.8%0
1.47% 1,538 o 1eS20 1117 2,490 0 2,050 0 3
1.473 1,613 a 12599 (11,2 2,549 0 1,983 0 3
1.506 1.53% 9 2.500 0 > 1.928 111.2 2,511 1 2,500 0 v
1,506 1.61) 0 24 3 1t 1,599 10,7 7.44% 0 21 % 12
1.53% 1.813 L] 6 31 s 1,599 104.4 2, AVI o ! i ll
1.332 2.092 sz 5 3 2.0
32 1=-01 e HPICl W C 2% n-n . Dlﬂl N : 28
1.521 1.%26 0 1.982 0 3 1.520 llt 4 2.525 0 1.983 0 )
1.421 1.53% 01,983 03 aS3N U118 2,525 0 1,933 O
1,921 1,568 0 1,983 0 3 1.566 10%.46 2,824 N 1,983 0 )
1.326 1,535 © 2.%00 0 2 1.931 111.7 2,925 0 2.%00 0 3
1,526 1,568 © 1027 18 1,966 109.0 2,512 11 24 10
1,535 1,58 6 & 3 1.566 107.9 2,504 O e 311
1.937 2.112 2 o 2,112 109.4 2,902 2 90
Tt T-01 02 c 1-02 N-1-0 Q-0 S PION M C
1,505 1.519 - 1.496 111.0 2.45% 0 1,917 0 2
1.50% 1.%38 144956 111.0 2.98% ¢ 1.917 0 2
1.50% 1,837 6 1.538 107,9 2,452 0 1.917 0 2
1.519 1,538 1.495 111.0 2.48% 0 2.500 ¢ 2
1.31% 1,637 4 1.538 107,9 2,4%2 0 10 14 )
1.0 1.837 1.538 107,9 2,432 0 11 & 14
1,950 2.16) 2,063 109.4 2.4%8 211 0
Tr -0t T-02 c
1.480 1,526 2
1,480 1,530 2
1.480 1,615 2
1.526 1.%30 2
1.526 1.81% 1]
1.530 1.51% 1.964 106.4 2.4% 0
1.538 2.060 2.06% 109,64 2.4%9 21 0
73 Y-Mm  T-02 =02 O=1-0 Q-0 Sk PIOY N C
1.498 1.504 1,510 110,93 2,400 0 L.917 0 2
L4901, 5%Y 1.510 110.9 7.480 0 1,917 ¢ 2
1,490 1,389 108.1 1.5%10 1,596 \u!.o 2.52% 0 1.917 02
1.504 1.%63 108, 1.510 t.510 2.480 0 02
1,504 1,329 107.% 1.910 1,998 lﬂl‘o 2.52% 0 £ ]
1,563 1,989 106, 7T 1.510 1.596 10A.6 2.523 0 "
1,530 2,148 10%. 4 1.531 2.%83 109.4 2.501 "o
T4 T-NL 02 O-T-0 218 01 T-D2 T 0-0 SH PLON M ¢
1.503 1.927 1121 2.%17 © 1,500 1.%00 {12.7 2.4940 0 I.QIY 0oz
1.%03 1,927 114,5 2.549 0 1,500 1.531 112.8 2,92% 9 1,917 0 2
1503 1,618 101.% 2,410 1.500 1.578 105.8 2,458 0 I.v” 02
14527 1,%27 11 1.%00 1. 51] 108.7 2.46% 0 2.%00 0 2
1.527 1.518 1.500 1.8 2,450 0 18 25 19
1.927 L.618 105 T 2,571 0 1.5 I‘“! lll.l ?.%h o1l 618
1.564 2.004 109.2 2,514 1.527 2,063 109.4 493 rnoz
ii (b) Ring phosphates
61 T-D1 T-02 O0-T=0 0=0 S™ !(ﬂl H T lal T-01 & T= 0-0 SH PIO} W € 434
122.2 2,586 O 1,486 1.488 120.4 2,578 0 1.7%0 1 3
110.9 2.3582 0 l 1.488 1,671 109.6 2.547 0 1.%6) 0 3
110.9 2.%42 0 1.484 1,639 108.7 2,333 0 2,867 0 3
105.7 2.468 0 1.488 1.631 10 2.%48 0 2,500 0 2
13 10%.7 2. L] 1.488 1,639 10 $31 0 48 38 11
98,7 8 0 1.631 1.839 6 0 13 T 18
109.0 2.30% 1,960 2.12% 109.1 2,338 11 22 16
0-7-0 0-0 $H 142 Y01 T-02 O-T-0 0-0 $M P(C} M C 43§
113.7 2.%%1 0 1,476 1.498 121.% 2.99% 0 1,983 0 %

110.2 2.529 ¢ .8 2,493 0 1,730 2 2
2.%3 1 2.500 0 2
44 0 2.667 0 3

vao 3188 27

02, 7 0 U 718

228 mo.z Z.wv 22
0 0-0 $H uov

6 2.533 0 1.583 0 %

2.4712 01.7901 )

106.2 2,467 O

0 1,481 z
11610 10722

108.6 2.491 1o 112.9 2,585 0 2,300 0 2
108.9 2,522 1.810 100.3 2.507 0 2567 0 3
110.5 2.578 0 1. 0%.4 2,468 1 51 aa 1a
99,9 2,873 0 1. b« wn.b 2.504 O | ~ Il
109.1 2,530 28 109.2 2.519

T-0 0-0 SH .32 © 0 W ’(Bl 'l t “7

12043 2,561 0 1.7%0 0 4

Table 15 (cont.)

-0y N-T-n 0-0 SW PLO) W { 282

1,308 17 0 2

1.908

1,905

1513

151

1,321

1,32 n o2

1-01 1-02 391 0-0 $M PLO} W C
2.956 0 1,730 3 U
2,525 0 1,730 2 2
2.513 0 2.2% 03
2.409 0 2.900 0 2
2.420 0 20 38 11
2.0 0 2 1 2

82 0 61s 9
t-01 se1 0-0 SH P(0) W C
. 2,466 0 1,869 0 3

2,502 0 1.489 0 3
2.455 0 1569 0 3
2.%5% 0 2.400 0 2
2.508 0 39 43 14
2.5050 15 8 20
7510 B 1z 12

e (134 0=D SH PO B C
2,425 1 1.869 03

01
802 0-0 SH P10}

2,508 0 1.41T 1 1
2,542 0 2.083 0 2
€ 2.529 0 2,08 0 2

0
1ner
1.
108.7
1
108.7
105.4
109, 4

fosoNwaunAs

0
0-0 $nu PLO)
24536 0 1,700
2,508 0 1,900

4 2,063 3 72,485

"
°
0
o

7.48% 1 2,600 0

2.473 0 24 38 1

lo 2180 2 2
10941 2,504 313

[ -SSPV

512 D D0 SH PO) W
2.8351 1.861 0 &
2.%61 0 1.
Fore 0 2732 03
2.496 1 2,900 0 2
7 2.550 0 39 33 10
2.482 0 10 & 18

T-01 0 0-0 SW P{
1.462 2,510 0
v 2.

2477 0

82 1
1.478
78

1.600

1,396 2,523 6 17 10
-0t 0~0 SH PIG) W C
1487 2.817 D 1,839 0 3
1.so7 98 0 1,639 0 )
1.087 TR 0 2,300 0 2
1,673

2,336 0 2,500 0 2
T 9 0

111101&&10!

43 40 13
. 2 &
. su 11 22 11
T-0L H P{Ol W C
1 551 0 1,730 1 3

100.4 2,483

2,184 109,01 2,300 10 23 1?7

ii (¢) Polyphosphates

n=1-n n-0 $u
(TN
112ee
1o.o

1-07
1311
1,508

r10Y
2,583 0 1
2,342 0
2,540 0

1587

L33

t0]

882
1

1,573
1,333

| 523

12,
\sqalo'rxzse-ozenlz

2.433 0 2,667 0 3
1,617 111.1 2,986 0 &7 &0 12

2,411 0 &1 80 18

1.617 1013 2.490 0 8 411 08 © 2.
zuv 109.2 2,999 923 1y 7 19 10
0-1-0 0=0 Sw PIO) ™ € 471 SH PIOI W C

t. a0 T20.0 2057170 10383 0 3 2,364 0 1,687 1 2

.ST73 106.8 2.435 0 1.7%0 0 &

2.949 0 1.730 0 3
1,613 106.1

2,487 0 2,300 0 2
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T-n2 0-T-0

2.518

1021 2
1.%12
1,538
1901
1,939
Lo
1,391
2,081

2,489
2.340

1022

1.
1161

1

2,518 1 2,183
2.557 0 1.983

1
12

t
1261

121y
1

2.489 0 20 3 1

Se
G ANDRNWWUNNO YO NS WYY W

1
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1

ST 2,38 0 1,983 0 1

1.524 111.2 2,507 0 2.500 0 2
1571 110.2 2.531 0 14 29 14
1.571 107.6 2.497 0 7 a 10
2,112 109,48 2,408 LRI
1001 0-0 SH PLO) W
2,392 0 1.430 0

30 0

2. uo 0 2.300 0O

2.330 0 2,300 0
2,530 0 39 38 L

2,498 0 2

521

1
1002

1
1011

o1

1
1081

2.51% 0 1,830 0 )
2,470 0 1,630 0 2
2,530 0 2,300 0 7

1.573 106.8 2.%63 0 2.68T 1 2 2.472 0 2.%00 0 2
1.613 111.9 2,976 0 38 46 21 1484 1 107.0 2.48% © 39 39 13
1,513 101.8.2.473 0 B 4 11 4599 1,603 104.8 2,486 0 1 2 &
2.12% 109,2 2,497 Q22 9 1.9%6 2.12% 109.2 2.%% a2n 42 2 109,2 2,511 81% 9
1052
1.537 2,129
T-02 ©0-7-0 0-0 SH ’lﬂl N € %33 T-01 0-T-0 0-0 Su P(0) H C 362 T=01 2 I"-V-H 0-0 $H P(O)
»963 1.480 0, 0 1.7% 0 1 2. ]
90 108,93 2.408 O 111 0 . 1.480 o 2,448
1.593 110,7 2.52¢ 0 2,900 0 2 1.430 o 2.9%7
1.590 109.7 2,418 0 2,500 0 2 1.480 o 2.9%1
1,393 105.4 2,451 0 36 V9 14 1.408 ] 240
1,999 100.9 2.4% 0 6 & 1,990 [ } 20
2012% 109,2 2,499 L RL 1981 2 823 21
-02 -0 0-p W ’(oi u c 954 T~ ol N o0-0 $W nol HC
1,506 110.4 2,885 0 1. 23230 1,230 0 1
2.578 0 22250 7
3 2.517 0 2.228 0 2
1,980 109,01 2.51) O 2,300 0 2 2,49 0 1.500 0 2
1,993 106.0 2.5%086 D 385 32 11 24830 a1 9 9
14593 101.9 2,464 0 2.482 0 14 B 20
2. IZQ IOQ.Q 24497 e 2.902 920 22

0-N SH PLOI W C 483 T-0L
47

1.608 1A, R 2,509 O 2,500 0 ?
14576 107,3 2.44R 0 2,700 0 2
1600 12,1 2,568 0 36 39 16

.53
03 1997
10947 10406 2,417 0 2,300 0 2 1,472 1,608
1.372 108,1 2,831 0 2,800 0 3 1,534 1,597
10867 11107 2:932 0 36 4 19 1,934 1.60% H 2!
1987 102.1 2,460 0 10 6 &2 1.60% . 1 1.620 32 IS
2,137 109, 3 2,4m) Tt g 20108 109,72 2,327 T e 1.%08 2,129 109, H I.sn ° 18 10
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to adjustment stresses. Such phenomena have been dis-
cussed at some length previously for the case of the
Mg,SiO, polymorphs (Baur, 1972).

Conclusion

The approach outlined above is strictly empirical.
It describes the various populations of phos-
phate tetrahedra and relates the variations in shape
and size to (1) variations in bond strengths received by
the individual oxygen atoms, (2) the shortening of
shared edges, (3) the distortion indices, (4) the mean
coordination numbers, and (5) geometrical relation-
ships between angles and interatomic distances. The
correlations between many of the variables are strong
enough to be useful for predictive purposes.

It is possible to calculate the mean P-O distance in
the phosphate group from a knowledge of the coordina-
tion numbers and the distortion indices [equations (5)
and (16)]. The individual P-O distances are obtained
from the bond strength distribution [equation (7)]. Then
the bond angles O-P-O are estimated from the nor-
malized bond lengths [equation (11)]. The O-O distances
opposite the angles O-P-O are herewith determined
because three parts of the triangle OPO are known. In
addition the mean O-O distance in a phosphate tetra-
hedron can be cbtained as a function of the mean P-O
distance and a distortion index [equation (14)]. Further-
more, the lengths of the shared and the unshared edges
can be estimated because they depend on the number
of shared edges per tetrahedron {equation (15).]

The calculated shapes of the phosphate tetrahedra
can be of value for the computer simulation of crystal
structures. Another possible application is in the inter-
pretation of known structures. When observed and
predicted values disagree this could be a starting point
for further fruitful investigations. It should be of in-
terest to extend analogous studies to other tetrahedral
anions as well as to other types of polyhedra (octa-
hedra, etc.).
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Mrs M. Grant for typing the manuscript; Dr R. B.
McCammon for discussions and for the subroutine to
calculate a weighted linear least-squares fit; Drs 1. D.
Brown, C. Calvo, F. Cole, B. Dickens, L. Finger, P. B.
Moore, S. W. Peterson and R. D. Shannon for pre-
prints and for permission to incorporate in Table 15
data not yet published; the Computer Center of the
University of Illinois at Chicago for computer time;
Drs I. D. Brown, A. A. Khan, P. B. Moore, K. S,
Rodolfo, R. D. Shannon and E. Tillmanns for critical
comments on the manuscript; Dr J. Donohue for point-
ing out to me the reference to Ag;PO, (Helmholz,
1936).

APPENDIX

The dimensions of the 211 phosphate tetrahedra used
in this study are listed in Table 15, subdivided into
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the six populations described above. The number at the
top left of every small table (which contains informa-
tion on one tetrahedron) refers within its first three
places to the literature listed in Table 16. The last digit
is a consecutive numbering of the tetrahedra within
each crystal structure. Each line contains the lengths
(A) of the two sides T-O1 and T-O2 of an angle, the
angle O-T-O (°), the corresponding edge length O-O
(A) and in column SH a ‘0" if the edge is not shared,
or a ‘1" if it is shared with neighboring polyhedra. The
mean d(P-0), / (0O-P-0) and d(0O-0) values are listed
in columns 1, 3 and 4 of line 7. The bond strengths
[#(O)] and coordination numbers (H and C) are given
in a sequence corresponding to the oxygen atoms of
T-01 (line 1), T-02 (line 1), T-02 (line 2) and T-02
(line 3). The average p(O) is listed in column 2 of line 7.
The 9 two digit numbers in the lower right hand cor-
ner are, line 5: DI(TO), DI{OTO), DI(OO) (all x 10%);
line 6: mean estimated standard deviation of d(P-O)
(A, x10%, mean es.d. /(O-P-O) (°, x10), mean
e.s.d. d(0-0) (A, x10%; line 7: 4d(0-0) (difference
between observed d(0O-0) and calculated according to
equation (13),in A, x 10%), DI(pO) ( x 10?), DTOSQ)
(x 10%). Any values used above for the various correla-
tions can be easily calculated from these numbers. Table
16 contains the chemical formulas and the references
to the structural data in a highly abbreviated form. The
abbreviations used for the journal names are explained
at the bottom of Table 16. In case of multiple author-
ship only the first author is listed.

All calculations were performed on an 1BM 370/155
using the computer program PEANUTS written by the
author. The program processes the tetrahedral data,
calculates a variety of statistical information, com-
putes the coefficients of the regressions and displays
scatter diagrams as printer plots. In all linear regres-
sions calculated here the data were weighted with the
inverse squares of the estimated standard deviations
of the dependent variable. Since it is unlikely that the
accuracy of modern crystal structure determinations
matches their precision, the weighting was modified
by increasing the estimated standard deviations of
d(P-0) to 0-005 A and of /(O-P-O) to 0-3" if the
reported values were smaller.

For the calculation of correlation coefficients (#) and
coefficients of the regression equation (a,b) it is neces-
sary to evaluate the sum of the squares of the devia-
tion from the mean for both the independent variable
(x) and the dependent variable (y). This can be cal-
culated either as 3(x;—x,)? or as >x}—(Zx;)}/n
(Brownlee, 1965). The first formula has the disad-
vantage that the mean value of x (and y) has to be cal-
culated beforehand. The second formula requires only
one pass, but has a disadvantage in that the difference
of two numbers must be taken. In some case these
numbers may be numerically almost equal and con-
siderable loss in accuracy can result for r, @ and b.
This is particularly true when the calculation is per-
formed in single precision on a computer which has
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only 24 bits in the mantissa of its floating-point word.
The use of double precision arithmetic lessens the pro-
blem although it does not eliminate it. The subroutine
used in PEANUTS therefore employs the first formula.
Special care has to be taken when canned programs
are used. Some of the original regression calculations

THE GEOMETRY OF POLYHEDRAL DISTORTIONS

for this work used the ‘Statistical Package for the Social
Sciences’ (Nie, Bent & Dale, 1970). This program is
designed throughout for a one-pass calculation. Since
the current version computes the Pearson correlation
in single precision, inaccurate results were originally
obtained.

Table 16. Chemical formulas and references to phosphate crystal structures

1 HSPO‘
H Als(PO‘)z(OH)s-SHZO

3 AL,P0, (OH) 4

4 a-Clszo.[

5 u~NgzP20.’

6 (NH) PO,

7 B'C.ZPZD"

8 (Mn, Fz]zPO‘OH

9 Zns(POI)z'JHZO

10 Nasﬂ(l’l)!)‘

11 (CAC6H‘0) ZPO(DH)

12 “‘z";%'“z"

13 Na‘P207'lUHZD

14 Na,P,0,,¢H,0(monocl)
15 MgHPO, *3H,0
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Glossary

p(X),p(0) Sum of bond strengths re-
ceived by an anion X (or oxy-
gen atom O) according to the
electrostatic  valence rule
(Pauling, 1960; Baur, 1970).
The bond strength given by a
cation to an anion is the for-
mal charge of the cation dt-
vided by its coordination num-
ber. It corresponds approxi-
mately (with a change in sign)
to the formal charge of the
anion (Pauling’s postulate).
Mean p(X) or p(O) of all an-
ions in a given coordination
polyhedron around a cation.
Bond strength variation: dif-
ference between the p(X) or
p(0O) of one individual anion
in a coordination polyhedron
around a cation and the mean
value [=p(X)-p(X)n).
Denotes the mean taken over
all values in a given coordina-
tion polyhedron.

Valence units, measure of p(X)
in units of the formal charge.
Distance from a cation T to
an oxygen atom in a tetra-
hedral coordination TO,
(where T can be P, Si, etc.).
Distance from a cation A to
an anion X in any coordina-
tion AX,.

Bond-length variation: differ-
ence between the d(T-O) or
d(A-X) of one individual an-
ion in a coordination poly-
hedron around a cation and
the mean value [=d(A-X)-
d(A-X),].

Distances within the edges of
coordination polyhedra.
Difference between the ob-
served mean values of d(X-X)
or d(O-0) for a given poly-
hedron and the values calcu-
lated according to equation
(13).

/(X-A-X), / (O-T-0) Angles subtended at the cen-
tral cations of coordination
polyhedra,

Mean values of the two sides
d(A-X) or d(T-O) of the an-

PX)m, p(O)m

4p(X), 4p(0)

m (as lower index)

d(T-0)

d(A-X)

4d(om)

d(X-X),d(0-0)
4d(X-X), 4d(0-0)

d(A_X)sa d(T"'O )s

1215
gles / (X-A-X) or
/. (O-T-0).
o Distorted, nonideal angles

/. (X-A-X) or /(O-T-0) in
a nonregular polyhedron.

B Ideal angles /(X-~A-X) or
/.(0O-T-0) in undistorted reg-
ular or idealized polyhedra.

a Intercept of the linear regres-
sion equation.

b Slope of the regression equa-
tion.

r Correlation coefficient.

CN Coordination number.

Distortion indices of bond
lengths, bond angles, tetrahedral
edges and bond strengths [see
equations (1), (2), (3), (8) and (4)].

DI(TO), DI(OTO) ]
DI(00), DI(pO)
DI(TOSQ) I
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